Abstract. Consider an autoregressive model with measurement error: we observe Z i = X i + ε i , where X i is a stationary solution of the autoregressive equation
Introduction
We consider an autoregressive model with measurement error satisfying
where one observes Z 0 , · · · , Z n and the random variables ξ i , X i , ε i are unobserved. The regression function f θ 0 is known up to a finite dimensional parameter θ 0 , belonging to the interior Θ • of a compact set Θ ⊂ R d . The centered innovations (ξ i ) i≥1 and the errors (ε i ) i≥0 are independent and identically distributed (i.i.d.) random variables with finite variances Var(ξ 1 ) = σ 2 ξ and Var(ε 0 ) = σ 2 ε . We assume that ε 0 admits a known density with respect to the Lebesgue measure, denoted by f ε . Furthermore we assume that the random variables X 0 , (ξ i ) i≥1 and (ε i ) i≥0 are independent. The distribution of ξ 1 is unknown and does not necessarily admit a density with respect to the Lebesgue measure. We assume that (X i ) i≥0 is strictly stationary, which means that the initial distribution of X 0 is an invariant distribution for the transition kernel of the homogeneous Markov chain (X i ) i≥0 .
Our aim is to estimate θ 0 for a large class of functions f θ , whatever the known error distribution, and without the knowledge of the ξ i 's distribution. The distribution of the innovations being unknown, this model belongs to the family of semi-parametric models.
Previously known results. Several authors have considered the case where the function f θ is linear (in both θ and x), see e.g. Andersen and Deistler (?), Nowak (?), Chanda (?, ?), Staudenmayer and Buonaccorsi (?), and Costa et al. (?) . We can note that, in this specific case, the model (1.1) is also an ARMA model (see Section 4.1.1 for further details). Consequently, all previously known estimation procedures for ARMA models can be applied here, without assuming that the error distribution is known.
For a general regression function, the model (1.1) is a Hidden Markov Model with possibly a non compact continuous state space, and with unknown innovation distribution. When the innovation distribution is known up to a finite dimensional parameter, the model (1.1) is fully parametric and various results are already stated. Among others, the parameters can be estimated by maximum likelihood, and consistency, asymptotic normality and efficiency have been proved. For further references on estimation in fully parametric Hidden Markov Models, we refer for instance to Leroux (?) In this paper, we consider the case where the innovation distribution is unknown, and thus the model is not fully parametric. In this general context, there are few results. To our knowledge, the only paper which gives a consistent estimator is the paper by Comte and Taupin (?) . These authors propose an estimation procedure based on a modified least squares minimization. They give an upper bound for the rate of convergence of their estimator, that depends on the smoothness of the regression function and on the smoothness of f ε . Those results are obtained by assuming that the distribution P X of X 0 admits a density f X with respect to the Lebesgue measure and that the stationary Markov chain (X i ) i≥0 is absolutely regular (β-mixing). The main drawback of their approach is that their estimation criterion is not explicit, hence the links between the convergence rate of their estimator and the smoothness of the regression function and of the error distribution are not explicit either. Consequently, Comte and Taupin (?) are able to prove that their estimator achieves the parametric rate only for very few couples of regression functions/error distribution. Lastly their dependency conditions are quite restrictive, and the assumption that X admits a density is not natural in this context.
Our results. In this paper, we propose a new estimation procedure which provides a consistent estimator with a parametric rate of convergence in a very general context. Our approach is based on the new contrast function
where w is a weight function to be chosen and E is the expectation E θ 0 ,P X . We assume that w is such that (wf θ ) * /f * ε and (wf 2 θ ) * /f * ε are integrable, where ϕ * is the Fourier transform of a function ϕ. We estimate θ 0 by θ = arg min θ∈Θ S n (θ), where (1.2) S n (θ) = 1 2πn convergence as well as the asymptotic normality can be stated. Those results hold under weak dependency conditions as introduced in Dedecker and Prieur (?) .
This procedure is clearly simpler than that of Comte and Taupin (?) . The resulting rate is more explicit and links directly the smoothness of the regression function to that of f ε . Our new estimator is asymptotically Gaussian for a large class of regression functions, which is not the case in Comte and Taupin (?) .
The asymptotic properties of our estimator are illustrated through a simulation study. It confirms that our estimator performs well in various contexts, even in cases where the Markov chain (X i ) i≥0 is not β-mixing (and not even irreducible), when the ratio signal to noise is small or large, for various sample sizes, and for different types of error distribution. Our estimator always better performs than the so-called naive estimator (built by replacing the non-observed X by Z in the usual least squares criterion). Our estimation procedure depends on the choice of the weight function w. The influence of this weight function is also studied in the simulations.
Finally, we propose a more general estimator when it is not possible to find a weight function w such that (wf θ ) * /f * ε and (wf 2 θ ) * /f * ε are integrable. We establish a consistency result, and we give an upper bound for the quadratic risk, that relates the smoothness properties of the regression function to that of f ε . These last results are proved under α-mixing conditions. The paper is organized as follows. In Section 2 we present our estimation procedure. The theoretical properties of the estimator are stated in Section 3. The simulations are presented in Section 4. In Section 5 we introduce a more general estimator and we describe its asymptotic behavior. The proofs are gathered in Appendix.
Estimation procedure
In order to define more rigorously the criterion presented in the introduction, we first give some preliminary notations and assumptions.
2.1. Notations. Let
The convolution product of two square integrable functions p and q is denoted by p ⋆ q(z) = p(z − x)q(x)dx. The Fourier transform ϕ * of a function ϕ is defined by
k=1 θ 2 k , and let θ ⊤ be the transpose matrix of θ. For a map (θ, u) → ϕ θ (u) from Θ × R to R, the first and second derivatives with respect to θ are denoted by
For such a function, due to the independence between ε 0 and X 0 we have
Hence, based on the observations
We then propose to estimate S θ 0 ,P X (θ) by the quantity S n (θ) defined by
which satisfies
This criteria is minimum when θ = θ 0 under the identifiability assumption (I1 1 ). Using this empirical criterion we propose to estimate θ 0 by θ = arg min θ∈Θ S n (θ). (2.5)
Asymptotic properties
In this section, we give some conditions under which our estimator is consistent and asymptotically normal.
3.1. Consistency of the estimator. The first result to mention is the consistency of our estimator. It holds under the following additional condition.
The functions sup
This condition is similar to (C 1 ) for the first derivatives of f θ . Thus it is not more restrictive than (C 1 ).
Theorem 3.1. Consider Model (1.1) under the assumptions (A 1 )-(A 2 ), (I1 1 ), (I1 2 ), (N 1 ), and the conditions (C 1 )-(C 2 ). Then θ defined by (2.5) converges in probability to θ 0 .
Coefficient α(M, σ(Y )) is the usual strong mixing coefficient introduced by Rosenblatt (?). Coefficient τ (M, Y ) has been introduced by Dedecker and Prieur (?). In Section A.2, we recall some conditions on ξ 0 and f θ 0 under which the Markov chain (X i ) i≥0 is α-mixing or τ -dependent and illustrate those conditions through some examples.
First we state the asymptotic normality of θ when the Markov chain (X i ) of Model (1.1) is α-mixing.
Theorem 3.2. Consider Model (1.1) under assumptions (A 1 ), (A 2 ), (I1 1 ), (I1 2 ), (N 1 ), and conditions (C 1 )-(C 4 ). Let Q |X 1 | be the inverse cadlag of the tail function t → P(|X 1 | > t). Assume that
Then θ defined by (2.5) is a √ n-consistent estimator of θ 0 which satisfies
where the covariance matrix Σ 1 is defined in equation (B.5).
Next, we give the corresponding result when the Markov chain (X i ) is τ -dependent.
Theorem 3.3. Consider Model (1.1) under assumptions (A 1 ), (A 2 ), (I1 1 ), (I1 2 ), (N 1 ), and conditions (C 1 )-(C 5 ). Let G(t) = t −1 E(X 2 1 1 X 2 1 >t ), and let G −1 be the inverse cadlag of G. Assume that
Remark 3.1. Let us give some conditions under which (3.6) or (3.7) are verified. Assume that
Note that those results do not require the Markov chain to be absolutely regular as it is the case in Comte and Taupin (?). Consequently they apply to autoregressive models with weaker dependency conditions. Beside the dependency conditions, our estimation procedure allows to achieve the parametric rate for a larger class of regression functions than in Comte and Taupin (?).
The conditions under which Theorems 3.2 and 3.3 hold are similar, except Condition (C 5 ) which appears only in Theorem 3.3. This condition is just technical and not restrictive at all.
The choice of the weight function w is crucial. Various weight functions can handle with Conditions C 1 -C 5 . The numerical properties of the resulting estimators will differ from one choice to another. This point is discussed on simulated data in the next section.
Simulation study
We investigate the properties of our estimator for different regression functions on simulated data. For each choice of regression function, we consider two error distributions: the Laplace distribution and the Gaussian distribution. When ε 1 has the Laplace distribution, its density and Fourier transform are
Hence, ε 1 is centered with variance σ 2 ε . When ε 1 is Gaussian, its density and Fourier transform are
Hence, ε 1 is centered with variance σ 2 ε . For each of these error distributions, we consider the case of a linear regression function and of a Cauchy regression function. We start with the linear case.
4.1. Linear regression function. We consider the model (1.1) with f θ (x) = ax+b, where |a| < 1 and θ = (a, b) T . In these simulations, we have chosen to illustrate the numerical properties of our estimator under the weakest of the dependency conditions, that is τ -dependency. As it is recalled in Appendix A.2, when f θ 0 is linear with |a| < 1, if ξ 0 has a density bounded from below in a neighborhood of the origin, then the Markov chain (X i ) i≥0 is α-mixing. When ξ 0 does not have a density, then the chain may not be α-mixing (and not even irreducible), but it is always τ -dependent.
Here, we consider the case where the innovation distribution is discrete, in such a way that the stationary Markov Chain is τ -dependent but not α-mixing. We also consider two distinct values of θ 0 . For the first value, the stationary distribution of X i is absolutely continuous with respect to the Lebesgue measure. For the second value, the stationary distribution is singular with respect to the Lebesgue measure. In both cases Theorem 3.3 applies, and the estimatorθ is asymptotically normal.
• Case A (absolutely continuous stationary distribution). We focus on the case where the true parameter is θ 0 = (1/2, 1/4) T , X 0 is uniformly distributed over [0, 1] , and (ξ i ) i≥1 is a sequence of i.i.d. random variables, independent of X 0 and such that P(ξ 1 = −1/4) = P(ξ 1 = 1/4) = 1/2. Then the Markov chain defined for i > 0 by (4.10)
is strictly stationary, the stationary distribution being the uniform distribution over [0, 1] , and consequently σ 2 X 0 = 1/12. This chain is non-irreducible, and the dependency coefficients are such that α X (k) = 1/4 (see for instance Bradley (?), p. 180) and τ X,2 (k) = O(2 −k ). Thus the Markov chain is not α-mixing, but it is τ -dependent. For the simulation, we start with X 0 uniformly distributed over [0, 1] , so the simulated chain is stationary.
• Case B (singular stationary distribution). We consider the case where the true parameter is θ 0 = (1/3, 1/3) T , X 0 is uniformly distributed over the Cantor set, and (ξ i ) i≥1 is a sequence of i.i.d. random variables, independent of X 0 and such that P(ξ 1 = −1/3) = P(ξ 1 = 1/3) = 1/2. Then the Markov chain defined for i > 0 by (4.11)
is strictly stationary, the stationary distribution being the uniform distribution over the Cantor set, and consequently σ 2 X = 1/8. This chain is non-irreducible, and the dependency coefficients satisfy α X (k) = 1/4 and τ X,2 (k) = O(3 −k ). Thus the Markov chain is not α-mixing, but is τ -dependent. For the simulation, we start with X 0 uniformly distributed over [0, 1] , and we consider that the chain is close to the stationary chain after 1000 iterations. We then set X i = X i+1000 .
In these two cases, we can find a weight function w satisfying the conditions (C 1 )-(C 5 ). We first give the detailed expression of the estimator for two choices of weight functions w. Then we recall the classic estimator when X is directly observed, the ARMA estimator, and the so-called naive estimator.
4.1.1. Expression of the estimator. We consider the two following weight functions w
These choices of weight ensure that Conditions (C 1 )-(C 5 ) hold and that the two estimators, denoted by θ N and θ SC respectively, converge to θ 0 with the parametric rate of convergence. There are two main differences between these two weight functions. First, N depends on the variance error σ 2 ε . Hence the estimator should be adaptive to the noise level. On the contrary, it may be sensitive to very small error variance as it appears in the simulations (see Figure 1 ). Second, SC has strong smoothness properties since its Fourier transform is compactly supported.
The two associated estimators are based on the calculation of S n (θ), which can be written as
with (4.13)
where p j (x) = x j for j = 0, 1, 2, w being either w = N or w = SC. With the above notations,
We now compute I j (Z) for j = 0, 1, 2 and the two weight functions. In the following we respectively denote I j,N (Z) and I j,SC (Z) the previous integrals when the weight function is either w = N or w = SC.
We start with w = N and give the details of the calculations for the two error distributions (Laplace and Gaussian), which are explicit. Then, with the weight function w = SC, we present the calculations, which are not explicit whatever the error distribution f ε .
• When w = N , Fourier calculations provide that
It follows that
If f ε is the Laplace distribution (4.8), replacing f * ε by its expression we get
If f ε is the Gaussian distribution (4.9), replacing f * ε by its expression we obtain
Hence we deduce the expression of a N and b N by applying (4.14) and (4.15).
•When w = SC, Fourier calculations provide that
The integrals I j,SC (Z), defined for j = 0, 1, 2 by (4.16) have no explicit form, whatever the error distribution f ε . It has to be numerically computed, using the IFFT Matlab function. More precisely, we consider a finite Fourier series approximation of (SCp j ) * (t)/f * ε (t) whose Fourier transfom is calculated using IFFT Matlab function. The result is taken as an approximation of I j,SC (Z). Finally we deduce the expression of a SC and b SC by applying (4.14) and (4.15).
Comparison with classical estimators.
We compare the two estimators θ N and θ SC with three classical estimators, the usual least square estimator when there is no observation noise, the ARMA estimator, and the so-called naive estimator.
• Estimator without noise. In the case where ε i = 0, that is (X 0 , . . . , X n ) is observed without error, the parameters can be easily estimated by the usual least square estimators
• ARMA estimator. When the regression function is linear, the model may be written as
The auto-covariance function γ Y of the stationary sequence
ε , and γ Y (k) = 0 for k > 1. It follows that Y i is an MA(1) process, which may be written as
where η i is the innovation, and |β| < 1 (note that |β| = 1 because
Moreover, one can give the explicit expression of β and σ 2 η in terms of a, σ 2 ξ and σ 2 ε . It follows that, if |a| < 1, (Z i ) i≥0 is the causal invertible ARMA(1,1) process
Note that a = β except if a = 0. Hence, if |a| < 1 and a = 0, one can estimate the parameters (a, b, β) by maximizing the so-called Gaussian likelihood. These estimators are consistent and asymptotically Gaussian. Moreover they are efficient when both the innovations and the errors ε are Gaussian (see Hannan (?) or Brockwell and Davis (?)). Note that this well-known approach does not require the knowledge of the error distribution, but of course it works only in the particular case where the regression function f θ is linear. For the computation of the ARMA estimator we use the function arma from the R tseries package (see Trapletti and Hornik (?)). The resulting estimators are denoted by a arma and b arma .
• Naive estimator. The naive estimator is constructed by replacing the unobserved X i by the observation Z i in the expression of a X and b X :
Classical results show that θ naive is an asymptotically biased estimator of θ 0 , which is confirmed by the simulation study.
Simulation results.
For each error distribution, we simulate 100 samples with size n, n = 500, 5000 and 10000. We consider different values of σ ε such that the ratio signal to noise s2n = σ 2 ε /Var(X) is 0.5, 1.5 or 3. The comparison of the five estimators is based on the bias, the Mean Squared Error (MSE), and the box plots. If θ(k) denotes the value of the estimation for the k-th sample, the MSE is evaluated by the empirical mean over the 100 samples:
Results are presented in Figures 1-2 and Tables 1-4 . The first thing to notice is that, not surprisingly, θ naive presents a bias, whatever the values of n, s2n and the error distribution. The estimator θ X has the good expected properties (unbiased and small MSE), but it is based on the observation of the X i 's. The previously known estimator (1) , ADELINE SAMSON
(1) , MARIE-LUCE TAUPIN ε /Var(X) = 6. Box plots of the five estimators a arma , a N , a SC , a X and a naive , from left to right, based on 100 replications. True value is 1/3 (horizontal line). θ arma has good asymptotic properties. However its bias is often larger than the biases of θ N and θ SC , except when s2n = 0.5 and ε is Gaussian. We now consider the two estimators θ N and θ SC . Recall that their construction requires the choice of w. Note first that, whatever the weight function w, the two estimators θ N and θ SC present good convergence properties. Their biases and MSEs decrease when n increases. When compared one to another, we can see that their numerical behaviors are not the same. Namely for not too large s2n, θ SC has a MSE smaller than θ N (see Figure 1 and Tables 1-4 , when s2n ≤ 3). With large s2n, the estimator θ N seems to have better properties (see Figure  2 when s2n = 6). This is expected since N depends on σ 2 ε and is thus more sensitive to small values of σ 2 ε . The error distribution seems to have a slight infuence on the MSEs of the two estimators. The MSEs are often smaller when f ε is the Laplace density. This may be related with the theoretical properties in density deconvolution. In that context it is well known that the rate of convergence is slower when f ε is the Gaussian density. The two estimators θ N and θ SC have comparable numerical behaviors in the two linear autoregressive models. Let us recall that in both cases, the simulated chain X are non-mixing but are τ -dependent. In Case A, the stationary distribution of X is continuous whereas it is not the case in Case B. This explains (1) , ADELINE SAMSON
(1) , MARIE-LUCE TAUPIN the relative bad properties of θ arma in Case B. Indeed, due to its construction, this estimator is expected to have good properties when the stationary distribution of the Markov Chain is close to the Gaussian distribution. On the contrary our estimators have similar behavior in both cases.
4.2. Cauchy regression model. We consider the model (1.1) with f θ (x) = θ/(1+x 2 ) = θf (x). The true parameter is θ 0 = 1.5. For the law of ξ 0 we take ξ 0 ∼ N (0, 0.01). In this case, an empirical study shows that σ 2 X is about 0.1. Moreover α X (k) = O(κ k ) for some κ ∈]0, 1[ and the Markov chain is α-mixing (see Appendix A.2). For w suitably chosen, Theorem 3.2 applies and states thatθ is asymptotically normal. For the simulation, we start with X 0 uniformly distributed over [0, 1] , and we consider that the chain is close to the stationary chain after 1000 iterations. We then set X i = X i+1000 .
To our knowledge, the estimator θ is the first consistent estimator in the literature for this regression function. We first detail the estimator for two choices of the weight function w. Then we recall the classic estimator when X is directly observed and the so-called naive estimator. 4.2.1. Expression of the estimator. We consider the two following weight functions:
with σ 2 ε the variance of ε. This choice of w ensures that Conditions (C 1 )-(C 5 ) hold and our method allows to achieve the parametric rate of convergence. As in the linear case, these two weight functions differ by their dependence on σ 2 ε and their smoothness properties. The two associated estimators are based on the calculation of S n (θ), which can be written as
where The estimator can be expressed as
In the following we denote by I wf,Nc (Z), I wf 2 ,Nc (Z), I wf,SCc (Z) and I wf 2 ,SCc (Z) respectively, the previous integrals when the weight function is either w = N c or w = SC c . In the same way we denote by θ Nc and θ SCc the corresponding estimators of θ 0 .
• When w = N c , Fourier calculations provide that
Now, we can calculate the integrals I wf,Nc (Z) and I wf 2 ,Nc (Z).
If f ε is the Laplace distribution (4.8), replacing f * ε by its expression we obtain I wf,Nc (Z) = exp(−Z 2 /(4σ
and I wf 2 ,Nc (Z) = exp(−Z 2 /(4σ
If f ε is the Gaussian distribution (4.9), replacing f * ε by its expression we obtain I wf,Nc (Z) = √ 2e
2 ), and I wf 2 ,Nc (Z) = √ 2e
−Z 2 /(2σ 2 ε ) .
• When w = SC c , easy calculations show that I wf,SCc (Z) = I 0,SC (Z) + I 2,SC (Z) and I wf 2 ,SCc (Z) = I 0,SC (Z), where I 0,SC (Z) and I 2,SC (Z) are defined by (4.16). As explained before, the integrals I 0,SC (Z) and I 2,SC (Z) have no explicit form, whatever the error distributions, and are numerically approximated via the IFFT function.
Comparison with classical estimators.
We compare our estimators with two classical estimators, the usual least square estimator without observation noise, and the naive estimator.
• Estimator without noise. When ε i = 0, that is (X 0 , . . . , X n ) is observed without errors, the parameter can be easily estimated by the usual least square estimator
• Naive estimator. The idea for the construction of the naive estimator is to replace the unobserved X i by the observation Z i in the expression of θ X to get
Simulations results.
For each error distribution, we simulate 100 samples with size n, n = 500, 5000 and 10000. We consider different values of σ ε such that the ratio signal to noise s2n = σ 2 ε /Var(X) is 0.5, 1.5 or 3. The comparison of the four estimators is based on the bias, the Mean Squared Error (MSE), and the box plots. The results are presented in Figure 3 and Tables 5-6.
The first thing to notice is that, not surprisingly, θ naive presents a bias, whatever the values of n, s2n and the errors distribution. Moreover it converges to (false) values which are different according to s2n (see Tables (5) - (6)).
The estimator θ X has the good expected properties (unbiased and small MSE), but it is based on the observation of the X i 's.
We now compare our two estimators illustrating the influence of w, s2n and f ε . Globally, whatever the weight function w, the two estimators θ present good convergence properties. Their biases and MSEs decrease when n increases. The MSEs of θ SCc increase when s2n increases. This is not the case for the MSE of θ Nc . This is probably due to the fact that the weight (1) , ADELINE SAMSON
(1) , MARIE-LUCE TAUPIN of the four estimators θ Nc , θ SCc , θ X and θ naive are presented for various values of n (1000, 5000 or 10000) and s2n (0.5, 1.5, 3). True value is θ 0 = 1.5. MSE are given in brackets. of the four estimators θ Nc , θ SCc , θ X and θ naive are presented for various values of n (1000, 5000 or 10000) and s2n (0.5, 1.5, 3). True value is θ 0 = 1.5. MSE are given in brackets.
function chosen for the construction of θ Nc depends on σ 2 ε . This estimator is thus more adaptive to changes in s2n.
A more general estimator
For a large number of regression functions, a weight function w such as the one involved in the definition of the estimatorθ can be easily exhibited. Nevertheless for some specific regression functions, it seems not straightforward to find a weight function such that (wf θ ) * /f * ε and (wf 2 θ ) * /f * ε are integrable. We refer to Butucea and Taupin (?) for a more complete discussion on this subject. Therefore, we propose a generalization of this estimator to relax these conditions. 5.1. Definition of the general estimator. The key idea for this construction is the following. We introduce a density deconvolution kernel K n,Cn defined via its Fourier transform K * n,Cn by
where K * is the Fourier transform of a kernel K and C n is a sequence which tends to infinity with n. The kernel K belongs to L 2 (R). Its Fourier transform K * is compactly supported and satisfies |1 − K * (t)| ≤ 1I |t|≥1 . Then, for any integrable function Φ, one has
which is not available. We then propose to estimate S θ 0 ,P X (θ) by
Using this more general empirical criterion we propose to estimate θ 0 by
Note that the general construction relies to a truncation of integrals in (2.4). Also note that this general construction still works under Conditions (C 1 )-(C 5 ). It suffices to chose
5.2. Asymptotic properties under general assumptions. This section presents the asymptotic properties of θ defined by (5.22) under milder conditions than conditions (C 1 )-(C 5 ), when one cannot exhibit a weight function w ensuring that these conditions hold. In this context the estimator is still consistent, but with a rate which is not necessarily the parametric rate.
For the sake of simplicity we only consider the case of α-mixing Markov chains. We assume that On Θ 0 , the quantity w 2 (X 0 )(Z 1 − f θ (X 0 )) 4 and the absolute values of its derivatives (A 3 ) with respect to θ up to order 2 have a finite expectation.
The quantity sup
We say that a function ψ ∈ L 1 (R) satisfies (5.23) if for a sequence C n we have
, let θ be defined by (5.22) with C n such that (5.23) holds for w, wf θ and wf 2 θ and their first derivatives with respect to θ. Assume that the sequence (X k ) is α-mixing that is
Then E( θ − θ 0 2 ℓ 2 ) = o(1), as n → ∞ and θ is a consistent estimator of θ 0 . We now give upper bounds for the rates of convergence under two different types of assumptions:
X 0 admits a density f X with respect to the Lebesgue measure and there exist two (A 6 )
These two assumptions are mostly required for technical reasons. The following theorem still holds when X 0 does not admit a density, under a slightly different moment assumption.
Theorem 5.2. Suppose that the assumptions of Theorem 5.1 hold. Assume moreover that the sequence (X k ) k≥0 is α-mixing with k≥1 α X (k) < ∞, and that, for all θ ∈ Θ, the functions w, f θ w and f 2 θ w and their derivatives up to order 3 with respect to θ satisfy (5.23). 1) Assume that the sequence X 0 admits a density with respect to the Lebesgue measure and that Assumption (A 6 ) holds. Then θ − θ 0 = O p (ϕ 2 n ) with ϕ n = (ϕ n,j ) ℓ 2 , ϕ 2 n,j = B 2 n,j + V n,j /n, j = 1 . . . , d, where
n,j and for q = 1, 2
n,j = (wf
This theorem states an upper bound for the quadratic risk under very general conditions. It holds under mild conditions on w, f θ and f ε . We refer to Table 1 in Butucea and Taupin (?) for more details on the resulting rates.
Appendix A. Properties of the dependence coefficients and examples A.1. Covariance inequalities and coupling. The following results are the key arguments to prove the asymptotic normality of θ. We keep the same notations as in Definition 3.1.
We first recall a covariance inequality due to Rio (?). For any positive random variable Z, let Q Z be the inverse cadlag of the tail function t → P(Z > t). Let X and Y be two real valued random variables such that Cov(X, Y ) is well defined. The following inequality holds
Next, we recall the coupling properties of τ (see Dedecker and Prieur (?)): enlarging Ω if necessary, there exists X * distributed as X and independent of M such that
A.2. Dependence properties of autoregressive models. We recall here the mixing properties of the autoregressive models
that have been described in particular in the papers by Mokkadem (?) and Ango-Nzé (?). For instance, assume that • the law of ξ 0 has a density f ξ such that f ξ > c > 0 on a neighborhood of zero, and there exists S ≥ 1 such that E(|ξ 0 | S ) < ∞.
• f θ 0 is continuous and there exist R ≥ 1 and ρ ∈]0, 1[ such that: for any |x| ≥ R, |f θ 0 (x)| ≤ ρ|x|. Then there exists a unique invariant probability measure, and the stationary Markov chain (X i ) i≥0 satisfies α X (k) = O(κ k ) for any κ ∈]ρ, 1[ and is α-mixing. Now if the second point is weakened to
• f θ 0 is continuous and there exist R ≥ 1 and δ ∈]0, 1[ such that: for any |x| ≥ R,
Then there exists a unique invariant probability measure, and the stationary Markov chain (X i ) i≥0 satisfies α X (k) = O(k 1−S/δ ) and is α-mixing. Now, if we do not assume that ξ 0 has a density, then the chain may not be α-mixing (and not even irreducible). However, under appropriate assumptions on f θ 0 , it is still possible to obtain upper bounds for the coefficient τ . For instance assume that
Then there exists a unique invariant probability measure, and the stationary Markov chain (X i ) i≥0 satisfies τ X,2 (k) = O(ρ k ) and is τ -dependent. Now if the second point is weakened to
• there exist δ in [0, 1[ and C in ] 
Then there exists a unique invariant probability measure, and for S > 1 + δ the stationary Markov chain (X i ) i≥0 satisfies τ X,2 (n) = O(n (δ+1−S)/δ ) and is τ -dependent.
Appendix B. proofs of Theorems B.1. Proof of Theorem 3.1. The main point of the proof consists in showing the two following points
there exists a sequence ρ k tending to 0, such that
Let us start with the proof of i) by writing that
that is seen as a function of a strictly stationary and ergodic sequence of random variables. By the ergodic theorem and Assumption (A 2 ) we conclude that for any θ ∈ Θ,
It remains now to check that there exists a sequence ρ k tending to 0, such that (B.1) holds. This follows by the assumption (C 2 ) and by writing that
B.2. Proof of Theorem 3.2. By using a Taylor expansion based on the smoothness properties of θ → wf θ and the consistency of θ, we obtain
This implies that
Consequently, we have to check the three following points.
Note that the covariance matrix Σ 0,1 in i) satisfies Σ 0,1 = Σ/4π 2 , with Σ defined by the equation (B.6) below. Consequently, according to ii) and iii), the covariance matrix Σ 1 satisfies (B.5)
, with Σ defined by (B.6).
Proof of i)
We have thus to prove that
We first use that E(S n (θ)) = S θ 0 ,P X (θ) and thus E(S
, and
Let M 1 = σ(X 0 , X 1 , ε 0 , ε 1 ). According to Dedecker and Rio (?), n −1/2 n k=1 T k converges to a centered Gaussian vector with covariance matrix
as soon as for any (p, q) 
In the same way we get that |(W 1,2 ) p | ≤ C 2 . Now, since ε 1 is independent of X 1 , for j ∈ {1, 2}
In the same way
Note that
Now, we use the covariance inequality (A.24). Note first that
Since (X i ) i≥0 is a strictly stationary Markov chain, it is well known that
Hence, applying (A.24),
We conclude that
Finally, using similar arguments for the three quantities
as soon as
Proof of ii)
Under Condition (C 3 ), for j,
n (θ)
and by applying the ergodic theorem we get that
Proof of iii)
Starting from (B.3) and (B.11), the point iii) follows from the assumption (C 4 ) on the properties of the derivatives at order 3 of wf θ and wf 2 θ . 
Let ψ M be the truncating function defined by ψ M (x) = (x ∧ M ) ∨ (−M ). Applying (A.25), let (X * k , X * k−1 ) be the random variable distributed as (X k , X k−1 ) and independent of X 1 such that 1 2
Define the constants K 1 and K 2 by
. Since ψ M is 1-Lipschitz and bounded by M , and since x → exp(itx) is |t|-Lipschitz and bounded by 1, under Condition (C 5 ), one has
infer from (B.8) with j = 1 that there exists a positive constant K such that
where L(t) = E(X 2 0 1 X 2 0 >t ). Let then G(t) = t −1 L(t), and let G −1 be the inverse cadlag of G. Choose then M 2 = G −1 (τ X,2 (k − 2)). We obtain that
It follows that
Easier control holds for the other terms in (B.8) and (B.9). Consequently (B.7) holds as soon as (3.7) holds, and the proof is complete.
B.4. Proof of Theorem 5.1. The proof of the consistency under the assumptions of Theorem 5.1 is quite different from the proof of the consistency under Conditions (C 1 )-(C 2 ) in Theorem 3.1. This comes from the fact that S n (θ) is now a triangular array of the form
In this context we show that
ii) The control (B.1) holds. Note first that ii) follows from the upper bound (B.2) and Assumption (A 4 ). For the proof of i) we check that for all θ ∈ Θ,
Proof of the first part of (B.12). Since Z 0 = X 0 + ε 0 , with ε 0 independent of (Z 1 , X 0 ), it follows that
Now, arguing as in Butucea and Taupin (?) we get that |E[S n (θ)] − S θ 0 ,P X (θ)| 2 = o(1).
It follows from Lemma B.1 that for k ≥ 3,
Cov(e −itX k−1 , e −isX 0 )(wf The rate of convergence of θ is thus given by the order of
Proof of i)
We first write
Study of the bias. As in Butucea and Taupin (?), we get that E S This, together with (B.13), implies that Var S
(1)
n,j (θ 0 )} .
Proof of ii)
The proof of ii) starts from the expression of the second derivative of the estimation criterion (B.14)
Following the same lines as for the consistency we prove that
Proof of iii)

